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1. Introduction

In ref. [1], the authorinitiated a newanalysison Boson—FermionFock space
(BFFS),introducingaclassof infinite dimensionalDirac operatorsactingthere.
The analysiswasfurther developedin ref. [21 to definea moregeneralclassof
Dirac operatorsactingin amostgeneralBFFS.Oneof thepurposesof thesestud-
ies wasto establishindextheoremsin a frameworkof infinite dimensionalanal-
ysis. The topicsdiscussedin refs. [1,2] include: (1) traceformulae with respect

to “Gibbs states”in both the Boson and FermionFock spaces; (2) operator-
theoreticalanalysisof de Rhamand Dirac operators,andLaplaciansacting in
BFFS; (3) indextheoremsfor the Dirac operatorsin termsof pathintegralrepre-
sentations.The theoryandthe methodspresentedin ref. [2] havebeenapplied

to variousdirections [3—7] andarestill in progress[15—17].
The physicalbackgroundof thework in refs. [1,2] is in supersymmetricquan-

tum field theory (SSQFT) (e.g., [40—42]). From thepoint of view of construc-
tive QFT, it is interestingto showthemathematicalexistenceof SSQFTmodels.
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Forthe Wess—Zumino(WZ) modelson a cylinder,this hasbeendoneby Jaffe

et al. [26—30]. We haveshown that the abstractformalism in ref. [2] clarifies
the mathematicalstructuresof someSSQFTmodelsincluding the WZ models,
giving a mathematicalunification for them (seesection9 in the presentpaper).

The theoryin ref. [2] has a generalizationto the casewherethe Boson Fock
spacepart is replacedby theL2-spaceon aprobabilityspacewith anon-Gaussian
measure(a Boson Fock spacecorrespondsto a Gaussianmeasure)and the
resultingtheorycanbe appliedto the problem of supersymmetricextensionof
scalarQFT[3,15].

In this paperwe summarizesomeof theresultsobtainedin refs. [1,2,4,5, 1 71.
In section2, we reviewsomebasicfactsin Fock spacetheoryand describetrace
formulae for Gibbsstates.Section 3 is concernedwith a sequenceof de Rham
type operatorsandtheirassociatedLaplaciansin asequenceof Hilbert spacesof
which the infinite direct sumis a generalBFFS. The sequenceof the de Rham

operatorscanbe lifted to the BFFS to definea de Rhamtype operatoracting
there,which, in turn, is usedto define a “free” Dirac operator in the BFFS.
Thesewill be done in section4. We also introduce the Laplacianassociated
with the de Rhamoperator.In section5 we takean interludeto presentsome

basicfactsin thetheoryof Fredholmoperatorsand in supersymmetricquantum
theory, which shouldclarify a connectionof our infinite dimensionalanalysis
with index theory and supersymmetry.In section 6 we statea result on the

Fredholmpropertyof the free Dirac operatorintroducedin section4. Section7

is devotedto thedescriptionof a perturbationof thefree Dirac operator.Wegive
an explicit form of the Laplacianassociatedwith the perturbedDirac operator.
In section8 wepresenta result on the path integral representationof the index
of the perturbedDirac operator.In the last sectionwe discusssomeexamples
in SSQFTto illustratehow our abstractformalism unifies mathematicallysome
SSQFTmodels.

2. Fock spacesand trace formulae

2.1. BOSON FOCK SPACE

We usethe Q-spacedescription of Boson Fock space [36, ch. I]. Let 7-1 be
a real separableHilbert spacewith inner product (‘,-)~ and {c~(f)~fE 7-1)

be the Gaussianmeanzero randomprocessindexedby 7-1, i.e., {c~(f)IfE 7-1)
is a family of randomvariableson a probability measurespace (E,B(E),,u)
suchthat the mappingf —* ~(f) is linear, the Borel field B(E) is generatedby
{~(f)~fe 7-1}, and

fe’~dJL = exp(—~IfH~/2),.f E N. (2.1)



A. Arai / Dirac operators in Boson—FermionFockspaces 467

We denoteby 7i~the complexificationof N and by (., .)~ its inner product

(complexlinearin thesecondvariable).Eachelementf ofN~is uniquelywritten
as f = f

1 + if~with f1,f~EN (i = ~/~T). Then we defineq5(f) by ~(f) =

c~(fi) + iç~(f~).

LetT0(N) =Cand

F~(N)= £{:q~(fi).-.q~(f~): Ifj eN,j = 1,... ,n}, n>l, (2.2)

where~{... } denotesthe linear spanof elementsin {.. }, L~{... } the closure
of £{- . - }, and :1.(fi) . . . q~(f~):the “Wick product”with respectto (w.r.t.) the
measurejt of therandomvariablesq~(f1 ),... , ~ (f~) [36]. TheBosonFockspace
L

2 (E,du) is decomposedas

L2(E,dJl) = ~F~(N). (2.3)

Foraself-adjointoperatorA in 7-1~with domainD(A), the secondquantization

dFb(A) in L2 (E, dii) is definedas theself-adjoint operatorwhich is reducedby
eachf’~(N)with the reducedpart df~(A) beingof the form df~°~(A)l = 0,

dP(A):~(f
1)~(f~): ~ n>1,

f1ED(A),j= l,...,n. (2.4)

We denoteby P,~the set of all complex polynomialsof n variables.For an
operatorT from N~to anotherspace,we definea subspacePT of L

2 (E, d~t)by

PT = £{P(ç~(f
1),...,q5(f~))~PE ~,fj E D(T),j = 1,... ,n,n � 0}. (2.5)

It follows that, if T is denselydefined,thenPT is densein L
2 (E, d~t).For T = I

(identity), weset

p
1 = p. (2.6)

For a Hilbert spaceM, we denoteby L
2 (E, dii; M) the Hilbert spaceofM-

valued squareintegrablefunctionson (E,d~u).
We definean operatorV from L2 (E,dji) to L2 (E, d~a;N~)with domainPby

VP(~(f
1),...,~(f~))=~(a1P)(~(f1),...,~(f~))f~(2.7)

for P E P,~andf~e N~,j = 1,... , n, andextendingit by linearity to P, where
3,,P denotesthe partial derivative of P = P(z1,... , z~)w.r.t. z1 E C(j =

1,... ,n). The well-definednessof V (i.e., if ~Pand cJ~ in P satisfy W =

a.e. (almost everywhere),then VW = V’1 a.e.) is ensuredby the following
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integrationby partsformulaw.r.t. the measure,~t:

~ =

~P,b E P,f E N~,
(2.8)

whereJ~denotesthenaturalconjugationon N~:J~(f~+ if2) : = f1 —if2,fl, f2 e
N. Formula (2.8) canbe provenin the samewayas in the proofof ref. [21, th.
6.3.1].

For eachf E N~,we definean operatorVf in L
2(E,dj.t) with domain ‘P by

= (f,VW)~~. (2.9)

Note that Vf is complexanti-linear in f.

In general,we denoteby V ~ W the algebraictensorproductof vectorspaces
V andW, andby T* the adjoint of the denselydefinedlinear operatorT.

Lemma 2.1. For all f E N~,Vf and V are closable with

D(~)DP, D(V*)DP~Nc, (2.10)

= VJ~fW+c~(f)~’, ~eP,fEN~. (2.11)

Proof Using (2.8), onefirst proves (2.10) and (2.11). Relation (2.10) implies

thatD(~7~)andD(V*) aredensein L2(E,d~t)andL2 (E,d~u;Ne), respectively.
Hence,by a generalcriterion on the closabilityof linearoperators(e.g., [32, ch.
III, ~5, th. 5.28], [34, th. VIII.!]), \~7fandV areclosable.

We denotethe closureof ~7~-andof V by the samesymbol,respectively.
We next describetraceformulaeconcerningthe “heat operator” exp(—flH)

(fi > 0) for a classof self-adjointoperatorsH in L2(E,du). We shall denote
by I,, (M) the pth Schattenclasson the Hilbert spaceM [i.e., T E I,,~ (M) ~t=~’

(T*T)P/2 is traceclasson MI andby . ~ the norm:

~THP= {Tr(T*T)P/2}h/~~,T E I~(M), (2.12)

whereTr denotestrace.For T e 7T~(M) [I~ (M ), p > 2], det(I + T) [det~ (1 +
T)] denotesthe [regularized] determinantof I + T (e.g., [37, 38]).

In therest ofthis subsection,weassumethatA is a strictly positive seif-adjoint
operator in N such thatA~E T

1 (N) for somey > 0. Thenonecan easily show
that, for all fi >0, exp(—flA) e I1(N~) andexp(—fldT’b(A)) C

with

ZA(/i) := Tre~dTb~= det(I_e_$Ay (2.13)

Let 5 > y and N_~(A) be the completion of N in the norm - H—~ =

- ~. Thenthe dual spaceofN_o(A) canbe identified with N~J’(A) :=
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D(Aö12) equippedwith the inner product (, )~= (Ao/2.,AoI2.)~. The embed-

ding N —~ N~(A) is nuclear.Hence,by a theoremof Sazonov,Minlos and
Gross [23], we cantakethe measurespaceE to be

E = N~(A). (2.14)

Moreover,for all f ~ No(A), the randomvariableç~(f)is realizedasq~(f)=

(~,f), thedualitypairing between~ C Nô (A) andf, which coincideswith the
inner product (ç~,f)~ifç~EN.

Let fi > 0 and

Efi = C([0,/3];E) (2.15)

be the spaceof E-valuedcontinuousfunctionson [0,/fl. In the sameway as in
the proofof ref. [24, prop. 5.1], we canprovethe following fact:

Proposition 2.2 [1,2]. Thereexistsa Gaussianmeanzeroprocessk~on [0, fi]
with state space E and with continuous sample paths such that for all f, g C

f d~(~)(~
t,f)~,

= (f, (1 — ~ )1 (e’~’~+ ~ )g)~

t,SE [0,fl], (2.16)

where dpfl denotes the underlyingmeasureon Efi.

Remark 2.3. We can show that ‘1o = P13 for a.e. 1, which implies that, for a.e.

1, the mappingt —~ I~is a loop in E. Hencethe measure can be regarded
as a measureon the 1oop spaceof E.

Definition 2.4. Let H be a self-adjoint operatorin L
2(E,dji) suchthat ~ is

in 1~(L2(E,du)) for all t > 0. We saythat a measurablefunction G on E is in
the set ‘H if, for all e > 0, exp(—eH)~G~exp(—eH)definesa uniquetraceclass
operatoron L2(E,dji).

Let V bea real-valuedmeasurablefunction on F. Supposethat thereexistsa
densesubspaceDin L2(E,dji) suchthat DC D(dFb(A)) fl D(V) and

= dFb(A) + V (2.17)

is boundedfrom below on D. We denote the Friedrichs extension(e.g., [35,
§X.3]) of Hv D by the samesymbolH~.A basictraceformulais given in the
following theorem.
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Theorem2.5 [1,2,17]. Let /3 >0 and0 < t
1 < t2 < < t, < /3. Let V be as

aboveandsupposethat,foralit C (0,/fl,

L,1exP(f0
t~d5) <~.

Then,foralit>0, ehh’v C 1
1(L

2(E,du)) and,forallG
1 G~C Ijj~,

Tr (e_t1

51vG
1e~12_

t1 )Hv G
2 . - . Gne~~~)

Z4(/3)

1 ~
E11 (2.18)

This theoremis a refinement of ref. [2, prop. D.3] in the sensethat the

conditions which imply (2.18) areweakened.For the details of the proof, see
ref. [17].

2.2. FERMION FOCK SPACE

Let KJ bea realseparableHilbert spaceandA” (K~)bethep-fold anti-symmet-
ric tensorproduct of ACc~ [A°(K~) C]. The Fermion Fock spaceA(K~)over

ftC~is definedby

A(~~)= ~A”(~~) (2.19)

(e.g., [34, ~II.4]). For u~C K~,j = 1,... , p, we define their exterior product
u1A ‘ .. A u~CA” (K~~)by

u1 A’- Au,, = ~ e(a)u~1~® ® u~(,,)= A~(ui ® u2- ~ u,,), (2.20)

where~,, is the symmetricgroup of orderp, e (a) the sign of the permutation

a C ~, andA,, is the antisymmetrizationoperator:A,, = ~aE~ e(c)a/p!.
We shall denoteby b(u) (u C K~)the Fermionannihilation operatoron

A(K~),i.e., b(u) is the boundedlinearoperatoron A(K~)suchthat its adjoint
b (u ) ~, the Fermion creationoperator,mapsA~(A~)to A” + (~) for all p > 0

with the action

b(u)*ui Au2 A--- Au,, = ~p + 1 u Au1A’’- A u~, it1 C K~. j = 1 p.
(2.21)

The following anti-commutationrelationshold:

{b(u), b(v )*} = (a, )~, (2.22)

{b(u),b(v)} = 0 = {b(u)*,b(?)*}. U, 1’ C ~ (2.23)
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where{A, B) = AB + BA. We denoteby b~(u)either b(u) or b(u)*. It follows
from (2.22) that the operatornorm ~b(u)~ ofb(u)# is given by

= ~ u C A~. (2.24)

For a self-adjointoperatorB in ~ the secondquantizationdI~(B)of B in
the FermionFock spaceA(A~)is definedas theself-adj~intoperatorin A(A~)
which is reducedby eachA”(K~)with the reducedpart df~”~(B)being of the

form (e.g., [34, ~VIII.l0]) df~°~(B)= 0,

d~(B) =~I®-®I®B®I®®I, p> 1. (2.25)

The numberoperatoron A(AC~)is definedby

Nf = dF~(I). (2.26)

We next define quadraticoperatorsin A(K~).For a denselydefinedlinear

operatorT in lC~,we define

Ac(K~T) = {~‘ {~(P)}~
0~J~(P) C A~(D(T)~ - ~ D(T)),

= 0 for all but finitely many p}, (2.27)

which is densein A(K~).We set Af(K~I) = A~(A1~).Let K C I2(K~).Then
thereexistorthonormalsystems{ u,, }~=and{ ~ } ~= in lC~andpositivenumbers

{A~}~=1(N maybe infinite) such that ~ x and

K = ~ ‘ ~ (2.28)

where,in the caseN = ~, the r.h.s. converges in the norm of I2(K~) (cf. [34,
th. VI.17]). We define

= ~~nb(Vn)*h(un),

(b~K~b)= ~ (J~v~)b (un),

(b*IK~b*) = ~ ).nb(vn)*b(J~un)* (2.29)

where, in the case N = cc, we can show that the r.h.s.’s strongly converge on
A~(K~)and the limits areindependentof the choiceof representation(2.28) of
K. For notational simplicity, we denoteby (b~K~h~)any of thesethreeopera-
tors.ItiseasytoseethatA~(K~) ~
and

(b*~KIb~)* = (b~*~K*~b#*)on A~(A~). (2.30)
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Hence (b~KIb~) is closable. We denote its closure by the same symbol. An
estimatefor KbK~b~)is given in the following lemma:

Lemma 2.6 [17]. Let K C I2(~Cc).ThenD(N1Y
2) C D(Kb K~b#))and

I(b~lK~b~)WU< ~K~(
2~(N~+ 2)”

2WH, W C D(N~2). (2.31)

We introduce a classof Hilbert—Schmidt operators on K~:

Lemma 2.7. For every~1I C iC~®1C~,thereexistsa uniqueHilberi—Schmidtoperator
on JC~such that, for all u, v C K~,

(v, C~uk~= (t ~ J~u,~ (2.32)

Moreover,

= ~ (2.33)

Proof The existence of C
1,, can be provenby employingthe Riesz lemma. To

prove (2.33) is an easyexercise.

2.3. BFFS

The BFFSweareconcernedwith is given by

A(E,A) = L
2(E,d~i)øA(~C~)= L2(E,dii;A(K~)). (2.34)

By (2.19) we have the orthogonal decomposition

(2.35)

with

= L2(E,djt)®A”(ftC~) = L2(E,dii;A”(K~)). (2.36)

Geometrically,the Hilbert space A(E,)C) [A”(E,K)] can be regardedas the
spaceof square integrablecross-sectionsw.r.t. the measure~t of the product
vectorbundleE x A (~) [E x A” (K~)1.

We candecomposeA(E,K) as

A(E,K) = A~(E,K)~A(E,K) (2.37)

with

A÷(E,K) = ~A2”(EjC), A(E,K.) = ~A2”~(E,K), (2.38)

p=o p=o
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which are the closedsubspacesgeneratedby vectorsof evenandodd degrees,
respectively.ThusA (E, 1T) is 72-graded.Thegradingoperatorof this graduation

is given by
F = e~t®Nf. (2.39)

Let A and B be strictly positiveself-adjointoperatorsin N andJC, respectively,
suchthat A’~’ C I~(N) for some y > 0 andexp(—tB) C I~(K) for all t > 0. Let
V be a measurablefunction on E andW be an ‘2 (K~)-valued function on F

suchthat W(~)is self-adjointfor a.e.ç~.Let

H = dFb(A) ®1 + V®l + I®dI~(B) + Kb*~W~b). (2.40)

By lemma2.6, we have

[D(dJ’b(A)) flD(V) flD(I~WH2)]~Ar(K~B) C D(H). (2.41)

Takingthis fact into account,we assume that there exists a dense subspace D C

D(df’b(A)) n D(V) n D(~lWII2)such that H is boundedfrom below on D ~
Ar(K~B)anddenote the Friedrichsextensionof H D ~ Af(KC;B) by the
samesymbol. We give a sufficient condition for et~~(t > 0) to be traceclass
on A(E, ,k) anda pathintegralrepresentationfor Tr([’~le_tH) (n = 0, 1).

Let /3 > 0. Foreach P C E13, we definean operatorK~(~)on L
2( [0, /3]; K~)

by

K~(~)= W(~!i,)(W~)++ B)’, (2.42)

where (0,) + [(3, ) —] denotesthe differential operator3/3t in L2([0, /3]) with
the periodic [antiperiodic] boundaryconditions.

Lemma 2.8 [1,2,17]. Suppose that, for a. e. b,

1~J ~W(c1),)~dt < cc. (2.43)
0

Then K~(~I~)C I
2(L

2([0,/3];lC~)) and, for each t,s C [0,/3], there exist
boundedlinear operatorsK±(~ t, s) on 1C~such that

I-fl
(K~(~P)f)(t)= J K~(~t,s)f(s)ds, f C L2([0,fl];~~), (2.44)

0

ands—* K±(~ t, s) (s ~ t) is strongly continuous on K~.Moreover, K±(1; t) : =

K±(~t,t + 0) CIi(,’C~)and

11’
TrK±(~)= / Tr K~(~t)dt (2.45)

Jo

isfinite and real.

Let
H

0 = dFb(A)®1 + I~dI}(B). (2.46)
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Thenwe have

Z(fl;n) := Tr (F~e~0)= det(1+(_l)etB) (2.47)

Theorem2.9. Let A, B, V andW be asabove.Assume(2.43) and

I’ / I-flJ dtt13(P)exP(~—J V(~t)dt+K±(~)lI~+ITrK±(’I)~)<cc.
Efi 0

Then exp(—/3H) C11(A(E,/C)) and

Tr (F’”°~e
1”)

Z(fl;n(a)) =fd~p(~)det
2(1+Ke(~))

xexp(_/ V(~,)dt+TrKa(~)~,
\ .0 “ (2.48)

wheren(+) = 1 andn(—) = 0.

The proof of this theorem can be done by using theorem 2.5 and trace formulae
in the Fermion Fock spaceA (K~)[1,2] together with some limiting arguments.
The details are given in ref. [17].

3. Operators of the de Rham type, cohomologyspacesand Laplacians

Let S be a densely defined closed linear operator from N~to 1Cc. For each
p > 0, we introduce a densesubspace~S,p in A” (E,K) by

~s,p = £{P(q~(f1),... ,çb(f~))u1 A’Au~IP CP~,fjC C~~(S*S),

Uk C Coc(SS*),j = 1,... ,n,k = 1, ,p,n},
(3.1)

whereC°~(T)= fl~.1D(Tm).We definea linear operatord5,~ : A”(E,K)
A~~’(E,~)with domain~S,p by

d5,~P(~(f1),...,~(f~))u1A’Au,,

= ~ 1~(31P)(~(f1),...,~(f~))SfjAu1A.”Au,,
j=I (3.2)

andextendingit by linearity to t)s,p. The well-definednessof d5,~canbe proven
by using (2.8). Fundamentalpropertiesof the operatord5,~are summarized in
the following proposition.
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Lemma3.1 [1,2].
(1) For all p > 0, d5,~is closableand its closure, also denotedby the same

symbol,satisfies
= 0 on D(d5~). (3.3)

(2) For all p > 0, D (di,,) ~ ~ and, for all W C ts,p+ 1 of the form

p+ 1

~ = ~ ~ —~J~s.ukP)

x u1A --‘ A Uk A ... A u~1,
(3.4)

whereP = P(q~(f1),... , q~(f~))and iTtk indicatestheomissionofuk.

Equation (3.3) showsthat the sequence{ds,~,D(ds~)}~0formsa complex
of the de Rhamtype.We definethep-cohomologyspaceof {ds,~}~0by

= Ker ds,~/R(ds,~_1),p > 0, (3.5)

whereR(T) andKer Tdenotetherangeandthekernelof theoperatorT, respec-
tively, andwe set R(d5,_1) = {0} C A°(E,K).To identify thesecohomology
spaces,we introducethe LaplaciansAs,.,, definedby

= ~ + d5,~1d,,~_1, (3.6)

which is a priori a nonnegativesymmetricoperatorwith D(As,~)D ~S,p. We
can prove the following theorem.

Theorem 3.2 [1,2].

(1) For al/p > 0,
4s,~is self-adjointand

= dFb(S*S)®I+I®dI~’~(SS*). (3.7)

(2) For al/p > 0, Hs,~is isomorphicto Ker 45,p.

We canidentify Ker As,~:Let F
0(Ker S) = F0(N) = C and

f(Ker S) = £{:q~(f1) .q~(fT):fj C Ker S,j = 1,--. ,r}, r> 1. (3.8)

Then we have

Lemma 3.3 [2]. For al/p > 0,

Ker
45,p = ~~(Ker S) ® A~(KerS~®~ ® Ker S*). (3.9)
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Wedenote by n(T) the dimension of Ker T:

n(T) = dim Ker T. (3.10)

Using lemma 3.3, we obtain:

Theorem3.4.
(1)Ifn(S) = 0, thenn(i50) = 1 and,foralip> 1,

n(is~) = f(~~)~1 <p<n(S*),

p>n(S*).

(2) If n (S) � 1, thenn (A~,~)= + cc and,for alip> 1,

1+cc, l<p<n(S
t),n(z1s~)=

p>n(S*).

4. Free Dirac operators and Laplacians in the BFFS

Thesequence{ds,,,}co ofthe deRhamoperatorsdefinesanoperatord
5 acting

in A(E,K):

D(d5) = {W = {W~”~}~0CA(E,K)VP~~~C D(d5~),

(4.1)

(d5W)~°~= 0, (d~P)”~= d5,~~1”~
1,p > 1. (4.2)

Lemma 4.1 [2].
(1) The operatord

5 is denselydefined,closedandsatisfies

d~= 0. (4.3)

(2,) Theadjointd,~is givenby

= d~~W~’~’
11,p � 0, (4.4)

with domain

D(d,~)= {~P= {W”~}~ CA(E,K)IW~”~’~C D(d~~),p>0,

(4.5)

Equation(4.3) showsthatc/~is anilpotentoperator.Moreover,it follows from
the closednessof d

5 thatR(ds) C Ker d~.Hence we definethe d5-cohomology
spaceby ______

Hs = Ker ds/R(ds). (4.6)
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Let

= {W = {W(P)}~
0C A(E,K~W~’~C TSp, ~ = 0

for all but finitely manyp}.
(4.7)

We definethe Laplacianassociatedwith d5 by
4s = d~ds+ d

5d,~, (4.8)

which is a priori a nonnegative symmetric operator with D(45) D
1~s~Thenwe

have:

Theorem 4.2 [2].
(1) TheoperatorAs is self-adjointand

4~=~A
5,~=drb(S*S)®1+IodFf(SS*). (4.9)

(2) ThecohomologyspaceHs is isotnorphicto Ker A5.

By (4.9) we have

Ker As = ~Ker
45,p, (4.10)

which implies that

dim Ker A
5 = ~dim Ker A5~.

Hence,by lemma3.3 andtheorem3.4, we obtain

Ker As = ~ 1~(KerS)®A~(KerS*®...®Ker S*) (4.11)
p,r=0

~ if n(S) = 0
dim Ker 4~= ‘ . ‘ (4.12)

ifn(S) > I
We define

Qsds+d,~. (4.13)

Thenwe have:

Theorem4.3 [1,2].
(1) TheoperatorQs is self-adjoint,essentiallyself-adjointon everycoreofA5,

andthefollowing operatorequalitieshold:

A5 = Q~ Q~. (4.14)
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(2,) ThegradingoperatorF leavesD (Qs) invariant and

{Q5,F} = 0 on D(Q5). (4.15)

Theorem 4.3(2) shows that Q,~is an abstract Dirac operator (see section 5).
Note that

Q,~= i(d~—d,~), (4.16)

i.e., Q1~is an operatorof the Kähler—Diractype. Taking thesefacts and (4.14)

into account,we may call Q~a “free” (Kahler—)Dirac operator in the BFFS
A(E,K).

We caneasily check that

{Qs,Q1.~,-}= 0 onD(d~d5)flD(d5d~), (4.17)

i.e., Q,~andQ,~anticommute in a “naive” sense.In fact, wecanprovea stronger
result on the anticommutativityof them in the sensemadeprecisebelow.

Let usrecallapropernotionofanticommutativityof two self-adjointoperators
[33,39]: Two self-adjoint operators A andB in aHubertspacearesaidtostrong/v
anticomtnuteif, for all t C I~and f C D(B), e”-~f C D(B) and e~ABf=
Be”

1f. We remarkthat, if A and B are strongly anticommutingself-adjoint

operators,then there existsa denseinvariant subspaceV for A and B such
that AB + BA = 0 on V. But the converse is not true in general. Strongly
anticommutingself-adjoint operatorshaveinterestingproperties[13].

We can provethe following fact.

Theorem 4.4 [5]. TheDirac operatorsQ,~and Qjs stronglyanticommnute.

5. Elementsof index theory and supersymmetry

Our infinite dimensionalanalysishas a connectionwith index theory and
supersymmetry. To make this aspectclear,herewe takean interludeto review

somebasicfactsin index theoryand in supersymmetricquantumtheory.

5.1. FREDHOLM OPERATORSAND INDEX

Let N
1 andN2 be Hilbert spacesandC(N1,N2) be the set of denselydefined

closed linear operators from N1 to N2. Let A C C(N1,N2).Then the index of A
is definedby

md A = n(A)_n(A*), (5.1)

providedthatatleastoneofn (A) and n(A
t) is finite. An operatorA C C(N~,N

2)
is saidto beFredholm(semi-Fredholm)if both (at leastone)of n (A) and n (A

t)
are (is) finite andthe rangeR(A)ofA is closed.It canbeshownthatA is (semi-)
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Fredholmif andonly if so is At. An importantfeatureof a (semi-) Fredholm op-
eratoris the“topologicalinvariance”of the index: Let A C C (N

1,N2) be(semi-)
FredholmandB bean A-compactoperator. ThenA + B is (semi-)Fredholmand
md (A + B) = md A (e.g, [32, ch. IV, §5], [22, §XVII.4]).

A usefulcriterion for an operatorA C C(N1,N2) to be (semi-) Fredholmis
given in terms of spectralpropertiesof the nonnegativeself-adjoint operators

A
tA andAAt:

Proposition 5.1. Let A C C(N~,N
2).Then thefollowinghold:

(1) TheoperatorA is Fredholmif and only ifn(A*A) <cc, n(AA
t) <cc, and

infa(AtA) \ {0} > 0, (5.2)

wherea (.) denotesspectrum.
(2) TheoperatorA is semi-Fredholmif andonly if at leastoneofn (AtA) and

n (A At) is finite and(5.2) holds.

Proof(outline). Weneed only to employ the following generalfacts:
(i

Ker AtA = Ker A. (5.3)

(ii) a(A*A) \ {0} = a(AAt) \ {0} (seeref. [20]).
(iii) R(A) is closedif and only if thereexistsa constantC > 0 such that

~AfH> CHfII for all f C D(A) fl (Ker A)~-.

5.2. SUPERSYMMETRICQUANTUM THEORY AND ABSTRACT DIRAC OPERATORS

As wehavealreadyseen,the BFFSA(E,K) is 7L
2-gradedandthe free Dirac

operatorQs is oddw.r.t. the gradingin the sensethatQs anticommuteswith the
gradingoperatorF. This is the reflection of a supersymmetricstructureof the
BFFS. In order to makethis aspectclear,we briefly discussin this subsection

supersymmetricquantumtheory (SSQT) in an abstractway [8,9,14,19,40].
We begin with an abstractdefinition of SSQT. For simplicity, we consider

only the caseof N = 1 supersymmetry

Definition 5.2. An (N = 1) SSQTis aquadruple{X, H, Q, NF} consistingof a
HubertspaceX, self-adjointoperatorsH (the” supersymmetricHamiltonian”),
Q (the “supercharge”)andNF (the“Fermion numberoperator”) in X with the
following properties:

(S.l)NF is boundedwith N~= IandNF ~ ±1.
(S.2)NF leavesD(Q) invariant and {Q, NF} = 0 on D(Q).
(S.3)H = Q

2.
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The resultsin section4 show that {A(E,K),Js,Q5,F} is a SSQT.In section
9 we discussconcreterealizationsof this SSQT as SSQFTmodels.

Let {X,H,Q,NF} beaSSQT.Then,by (S.1), wehavea(NF)= {+l}. Hence
we candecomposeX as

X=X+~X~ (5.4)

with X~.being the eigenspaceof A/F with eigenvalue ±1. Physically, X~and
X_ correspondto the spaceof bosonicand fermionic states,respectively.The
decomposition(5.4) allowsone to representvectorsf in X as

~ (f+
-

with .f±C X~.Then, relativeto this representation,every linearoperatorin X
canbe representedas a 2 x 2 matrix with entriesbeinglinearoperators.It follows
from the self-adjointness of Q that there exists a unique

Q+ CC(X~,X~)such that

= (~+~). (5.5)

Hence H is represented as

H = (H+ ~-) (5.6)

with
LI T1* T) LI cI /~*

11+ = ~+V+, ~‘— =

which arecalledthe bosonicandfermionicpart of H, respectively.
The supersymmetryis said to be broken if thereexist no zero-energystates,

in otherwords,Ker H = {0} [40,41]. A necessaryconditionfor the supersym-
metry to be broken is given in termsof the J’Vitten indexdefinedby

= n(1J~)—n(H~), (5.8)

which physicallymeansthe numberof the bosoniczero-energystatesminus the
numberof the fermionic zero-energystates.It is obviousthat, if the supersym-
metry is broken, then

1w = 0.
By (5.3) and (5.7), we seethat

= md Q+. (5.9)

Thusthe indexof Q~is relatedto the physicsof supersymmetry.In view of the
topological invarianceof theindexof (semi-) Fredholmoperator,it is important
to know whenQ+ is (semi-) Fredholm.

Lemma 5.3. TheoperatorQ~is Fredholm if andonly if Q is Fredholmn.

Proof Apply the fact (iii) given in the proofof proposition5.1.
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Lemma 5.4. TheoperatorQ~is Fredholmif andonly if

n(Q2) <cc, inf a(Q2) \ {0} >0. (5.10)

Proof Thisfollowsfromlemma5.3andproposition5.1(1) appliedtoA = Q.L1

The following lemmais also useful.

Lemma 5.5. Supposethat for some/3 > 0, exp(—/3Q2) C 1
1(X). Then Q+ is

Fredholmand
md Q+ = Tr(NFe~’~

2) (5.11)

independentlyof/i.

Proof Seeref. [1, appendixB]. LI

We concludethis sectionwith a mathematicalremark.A closedsymmetric

operatorB (not necessarilyself-adjoint)in the Z
2-gradedHilbert spaceX is said

to bean abstractDirac operatorw. r. t. thegradingoperatorNF if NF leavesD (B)
invariantand {D, NF} = 0 on D(lID) [31]. In terms of this notion, the super-
chargeQ is anabstractDirac operator.Hencethe abstractSSQTcanberegarded
as a theoryof an abstractDirac operator,which hasratherrich structures(e.g.,
[8,9,13,14,19,29] andreferencestherein).

6. Fredholm property of the free Dirac operators

Wenow turn to the free Dirac operators introduced in section 4 andexamine

their Fredholmproperty. We alreadyhaveseenthat {A (F,K), As,Qs,F} is a
SSQT.Hencethereexistsaunique Qs,+ C C(A±(E, K;), A_ (E, K;)) suchthat

Q~ (~,+~ (6.1)

Theorem 6.1 [2].
(1) IfS is Fredho/mwith n(S) = 0, then Qs,+ is Fredho/mwith

md Qs,+ = öO,..ind ,~ (6.2)

(2) IfS is semi-Fredholmwith n(S) � 1 andn(S
t) = 0, then Qs,+ is semi-

Fredholmwith
md Qs,+ = n(Qs,~)= +cc. (6.3)

Proof(outline). Apply lemma5.4 with Q = Qs togetherwith (4.14), (4.9), and
theorem3.4. LI
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Remark 6.2. In the casesdifferent from thoseconsideredin theorem6.1, Qs,+
is not (semi-) Fredholm.

7. Perturbation of the free Dirac operators

In this sectionweconsider a perturbation of Q~.This is doneby perturbing
the de Rhamoperatord5. —

For F C L
2(E,dji;K;~),wedefinean operatorb(F) in A(E,K;) by

(b(F)~)(~)= b(F(~))W(~),a.e. ~C E, (7.1)

with

D(b(F)) = {W C A(E,K;)~fE Ib(F(~))W(~)I~)d~) <cc}. (7.2)

We introduce a perturbed de Rham operator by

d
5(F) = ds+ b(F)

t. (7.3)

Lemma 7.1 [2]. Let F C L~(E,d~~K;~)with someq > 2. Then,d
5(F) is

closablewithD (d5(F )#) ~ ~ wheret’s is definedby (4. 7).

Remark 7.2. By Holder’s inequality, F C L
2 (E, d~i;K;~)if F C L~(E, d~u;1Cc)

with someq > 2.

ForF C L” (E, dit; K;~)with someq > 2, we defineaperturbedDirac operator

Qs(F) by

Qs(F) = the closureof (d
5(F) + ds(F)*) ts, (7.4)

which is a closedsymmetricoperator.Thenwe can prove:

Lemma 7.3 [1,2]. TheoperatorQ~(F) is an abstractDirac operatorw. r. t. F.

In general, it is shownthat an abstractDirac operator alwayshasa self-adjoint
extension which is also an abstract Dirac operator ([31], cf. also [12,15]).
Hence,by lemma7.3, Q,~(F) has a self-adjointextensionasan abstractDirac

operator.It is interestingandimportant to discussthe essentialself-adjointness
of Q5(F). In the presentpaper,however,we do not considerthis aspectand
simply assumethe following:

Assumption I. The operator Q,~(F) is essentiallyself-adjointon t5.

The problem of the essentialself-adjointnessof Qs(F) will bediscussedin a

separatepaper [16].



A. Arai / Dirac operators in Boson—FermionFockspaces 483

By lemma7.3 andtheself-adjointnessofQs(F), thereexistsauniqueQs(F) +

C C(A~(E,K;),AjE,K;)) suchthat

Q (F) = ( 0 Qs(F)~ (7.5)k,,Q5(F)~ 0 )

We nextconsiderthe Fredholmproperty of Qs(F ) + andcomputeits index
by the method of lemma5.5. To do that,however,we needto know an explicit
form of the Laplacian

As(F) = Q5(F)
2. (7.6)

As in lemma2.1, we can showthat the operatorSV : L2 (F,d~t)—~ L2 (E,d,u;
K;~)with domainP~is closable.We denotethe élosureby the samesymbol. In
the subspaceP~~ D(St) in L2(E,dp; K;~)= L2(E,dpi) 0 1Cc, wedefinea norm

Hr,s [r,s C [l,cc)] by

~PHr,s= ~‘HL’(E,dp;c~))+ HSV 0 ‘~11HL’(E,d,,;Pc~)®~c,

+ ~SJ~V0 .J~WI~Ls(E,dp.mc,)®mcc (7.7)

anddenoteby W~the completionof P~~ D(St) in the norm I - I

Definition 7.4. We say that a K;~-valuedfunction F on E is in the set F~’if
F C D(V*S*) fl W~andJ~StF= S*F.

Let G be a /C~0 K;~-valuedmeasurablefunctionon F. Then, for each~ C F,
G(~)is an elementof )C~0 K;~.Hence,by lemma 2.7, we can define three
quadraticoperators(b*ICG(~)Ib*)in A(K;~).Theseoperatorsnaturallydefine
operatorsactingin A(E,K;) by

((b*jCGjb*)W)(~5) = (b#ICG~b#)!P(~) (7.8)

with the domainbeingmaximal.

Theorem 7.5 [21. Let F C EF~with r> 4 ands> 2. Let

LF(~) C(sJHv®J,F)(~)+ C~J~v®J,p)(~). (7.9)

Then~s C D(z1
5(F)) and

A5(F) =A5 + V
tStF +

+ (b*~Csv®IF~b*)+ (bIC~vØjFtb)+ (bt~LF~b)
(7.10)

on ~s.
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8. Path integral representation of the index of the perturbed Dirac operator

In this sectionwe statea result on a path integral representationof the index
of Qs(F)~.We assumethe following:

Assumption II. StS and SStarestrictly positiveand (5*5)_Y C 1
1(N) for some

y >0.

UnderassumptionII, aswasdiscussedin section2, we can take

E = N~(S
tS) (8.1)

with c5 > y. We denoteby {2),~t C [0, /3]} the Gaussianrandomprocessgiven in

proposition2.2 with A = 5*5 and by (E
13, jii~) the underlying measure space.

Let F C F~with r > 4,s > 2. For a.e. cP C E13, we define an operatoron
L

2([0,/3];K;~) by

= LF(~,)((D,)±+ 55*)_1 (8.2)

The following lemmafollows from an applicationof lemma2.8.

Lemma 8.1. Supposethat

PPJ HLr(2)t)I~dt<cc. (8.3)
0

Then K~(2))C 1
2(L

2([0,/i]; ~~))and there exist boundedlinear operators
K~(2); t, s) : K;~—~ K;~suchthat s —~ K~((2); t, s) (s ~ 1) is stronglycontinuous
and

(K~(~)f)(t)= /K~(~t~s)f(s)ds~f C L2([0,fl];K;~).

Moreover,K~(c2);t):= K~(~t,t+ 0) CIi(K;~)and

PP
TrK~(cb)=J TrK~1i;t)dt

0

isfinite and real.

A formulafor the index of Qs (F) + is given in the following theorem.

Theorem 8.2 [21. Considerthe case

= .J~Csv®JFJ~. (8.4)
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Assume(8.3) and

~ (— f ~ + ~ dt

+ ~I~K~)I~ + TrK~)I) <cc.

Then Q5(F)~is Fredholmand

md Qs(F)~= f djip(~)det2(I +

x exp (— f13 (v*S*F(~,) + ~F(~
1)I~) dt + Tr K~(~)).

independentlyof/i > 0.

This theoremcanbe provenby applyingtheorem2.9and lemma 5.5.

Remark 8.3. It is shownthat (8.4) is equivalentto the condition

SVoIF(ç~)CA
2(K;~)’ a.e.ç~.

In this casewehave (bt~Csv®JFIbt) 0, which simplifies the computationof
the indexof Q

5(F)~. The casewhere (8.4) is notsatisfiedis morecomplicated,
see ref. [2].

9. Models of SSQFT

Thetheoryof infinite dimensionalDirac operatorsdescribedin the preceding
sectionsis constructedfrom the “sextet” (E,u,N,K;,S,F).In this section we
briefly discussconcreteexamplesof it. In particular,we want to point out that
the abstractformalism presentedin this papergives a mathematicalunification
for somemodelsin SSQFT.

9.1. DIRAC OPERATORS ON THE SPACE OF REAL TEMPERED DISTRIBUTIONS AND
THE N = 1 WESS-ZUMINO MODEL

Let Sr(~)be the Schwartzspaceof rapidly decreasingreal C~-functionson
I~l and Sr(!~)* be its dual, i.e., the space of real tempered distributionson EJI. Let
m > 0 bea constantand

w(p)=~/p2+m2, pCI~.

Let H_112(Ef~) be the real Hilbert space of real tempereddistributions f on l~

suchthat the Fourier transformf is a measurablefunctionand
i p ci ~2

2 ‘ I )~PJHfIH112 = 2J~w(p) <cc.
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We want to apply the abstracttheory in the previoussectionsto the casewhere

E = SrUJU*, N = H_112(l~), K: = L~(R),

andthe measureii is equalto the measurejim on Sr(R)
t such that

f exp(i(~,f))dj~m(~) = exp(-HfH2I/
2/2), f C Sr(~),

S, (li)

where (~,f) denotesthe canonicalduality pairing between~ C Sr(lfl
t and

f C S~(lfl.
Thereis somearbitrarinessin choosingthe operatorS:H_l/2(E~flc—~

to definethe Dirac operatorQs.Onechoiceis given by theoperatorS such that

S = S~+ iS
2 with

(S1f)(p) = 2~f(p), (52f)(p)

ii(p) =~‘~~+ w(p).

Let Wb andWf be the self-adjointoperatorsacting in H_~12(U~)andLr(L1fl, re-
spectively,suchthat

Wbf(p) =w(p)f(p), fCD(wb),

&5~ü(p)=w(p)i~(p), u C D(wf).

Thenwe can easily show that

S
tS = Wb, SS~= Wf.

Thus, in the presentcase,the free Laplaciantakesthe form

As = dFb(wb) 01 + I®dFf(wf). (9.1)

It may be instructiveto write down an explicit form of the Dirac operatorin
the caseunderconsideration.We denoteby b(x) and b(x)t the distribution
kernelsof the annihilation andcreationoperatorson the Fermion Fock space
A(L2(1~)),respectively.Let

= ~{P((~,f
1),... ,K~,f~))u1A’-AuP~fj,uk CS(R),j = 1,... ,n,

k = l,...,p,PCP~,n>0,p>0},

which is densein A(Sr(U~)
t,L2(Elfl). Onecaneasily seethat D(d

5) C ~ and d5
canbe expressedas

= Jdxb(x)*So/o~(x) on~, (9.2)

where~5/5~(x) denotesthe functionaldifferential operatorof first order. Let

= i[b(x) _b(x)*1, y2(x) = b(x) + b(x)
t.

Then onehas

{y
1(x), y~(y)}=

2~jk~~(X— y), (9.3)
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i.e., {y1(x)} is a set of (distributional) generatorsof an infinite dimensional
Clifford algebra.We caneasilycheckthat the free Dirac operatorQs takesthe

form

Qs=i~fdxyj(x)Sj~~X)+fdx~(x)S*b(x) on~, (9.4)

whichshowsthat Qs is a functionaldifferential operatorof first orderwith coef-
ficientsbeingelementsof an infinite dimensionalClifford algebra.In this sense,
Qs is certainlyan infinite dimensionalgeneralizationof usualfinite dimensional
Dirac operators.

Using (9.1) or (9.4), we seethat the Laplacian
4s = Q~canbe expressedas

As = fdx (~x)(~bô~x) + ~(x)wb~))

+fdxbx*wfbx on~. (95)

We next give an example of L2(l~)-valuedfunctions F on S,-UIflt usedto

define a perturbation of Q.,~.Let K > 0 and ~j be a nonnegative even function
in C~°(l~)such that ~(x) = 0 for IxI > 1 and f~(x) = 1. Then the field
~t~K(x) with the ultraviolet cutoff K is definedby /K (x) = (q~,KQ(K(x —.)). For
g C C~0(l~2)anda polynomialP ofonevariable,wecandefineanL2(11)-valued
function F on Sr(l~)*by

F(~)(x) = j:P(~K(y)):g(x,y)dy.

It is not difficult to check that F C l~ with r > 4,s > 2. Thus, by theorem
7.5, we canexplicitly write down 4

5(F). But, here,we do not go into the de-
tails (cf. ref. [2]). The abovechoiceof F gives a SSQFTmodel of the N =

Wess—Zuminotypein thetwo-dimensionalspace—time,which describesasuper-
symmetricsystemof two componentMajoranaFermi fields interactingwith a
neutralscalarfield. Thecasewhere~ is replacedby the one-torusS’ is discussed
in refs. [26,29,30].

9.2. THE N = 2 WESS-ZUMINO MODEL

A complexversionof the modelin the lastsubsectionis describedin termsof
(E,jt,N,K;) given by

F = Sr(~fl
txS~~~R)t, 1~= /LmOUm,

N=IL
112O1~)~H_~12(FR),K;=L~R)~L~(D~).

Let
a(p) = —i2

312w(p)~[v(—p)3 + mii(p)].
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We definean operatorS:~ —~-L2(lt) ~ L2(l~) by

(5f)A(p) = Iw(p)h/2 (a(_p)* a(p) ~ (f±(p)
~ a(p) _a(~~p)*)~f(~)

= (~)C H_l/
2(~)c~11_l/2(~)c.

Thenwe cansnow that this choicegivesthe N = 2 Wess—Zuminomodelon
which describesa supersymmetricquantumsystemof Fermi fields coupledto
a complex Bosefield. In our formalism, the complex Bosefield is given’ by the
randomvariable

~(f) = ~(K~/~i,f) + i((/)2,f)), f C Sr(~),

where(c~i,~2) C F = Sr(~)
tXSr(Iflt. Themodelon acylinderwasdiscussedin

detail in refs. [26—29]. Mathematicaldiscussionsof the supersymmetricquan-
tum mechanicalversionof this model havebeengiven in refs. [10—12,25].

9.3. A MODEL OF SUPERSYMMETRICGAUGE FIELD THEORY

In ref. [42], Witten presentedaSSQFTmodelderivedfrom theChern—Simons

functional on a three-manifoldY and suggestedthat its ground statesare the
Floer groupsof Y (a conjecturegiven by Atiyah [18]). This model (with cut-
offs) can also be describedas a specialexampleof our abstractformalism. It
is interestingto removethe cutoffs andmathematicallyjustify Atiyah—Witten’s
suggestionjust mentioned.

The authorwould like to thankthe organizersof the XXVIII KarpaczWinter
Schoolof Theoretical Physicsfor inviting him to deliver a seriesof lecturesat
the School.
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